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GLOBAL STABILITY OF A SIR EPIDEMIC MODEL WITH SATURATING
INFECT RATE,VACCINATION AND VERTICAL TRANSMISSION

ZHU Chun-juan
(College of Mathematics and Statistics, Shaoguan University, Shaoguan, Guangdong 512005,China)

Abstract: In this paper, the SIR epidemic model with saturating infect rate, vaccination and vertical
transmission is studied; the basic reproduction number R, for the existence of infectivedisease was established. If
R, <1, the disease-free equilibrium is global asymptotically stable. If R, >1, a unique endemic equilibrium
exists and is globally stable in the interior of the feasible region . We discuss the biological significance at the end.

Key words: SIR epidemic model; saturating infect rate; vaccination; vertical transmission; equilibrium; global

stability

A T2 92 IR e f ST i

0 3= s, T B S A NI T T
| N BN SRR R B R, ST N
MR 2, MBI i gm0 0 T Py )
HORBRIAASTRAM AL AL~ AELIR )y by, TR ABAHBERLENG
[4-VGTFER TR EARMIERIABAL, KRN oy e, o dimaia T AR,
BRI, TIRERGERER, |

PR, R IEW LRI, B NS Capasso and Serio {5 {E e BV 3T Huin {4
LRI, ERAGATIR 0 o
L%mﬂ&ﬁﬂﬂ9Wﬁ@ﬂw%oi%t’ﬂ% ST L2, AT EA S

B U TR PR T . 70T 012 1, DU RAT AU e, Sl i bloRISE: ELAR 4 SIR

WF H #A: 2015-04-08; 2 HH#H: 2015-05-24
HEE&WH: FAXHRFEIIHIE (2014CX/K231D)
EHE S REB1982-), &, LHAMEEAN, PF, Wt, FZAFEY T RPFR (zcgyangyang. sina.com).



14 I MR ZAR (A AFHEERR)

PRI o

1 RBAYEST

AT B SEbs, BATEAL R A
PLALRMA RGN, H%8aE fAL Y. AN F 2
e L, PR

S'()=0-m)S, +b(1-m)(S+ R+ pl)—d S
1+al
BSI
I'(1) = +qbl —(d+y+e)l
(1) AL (d+y+e)
R()=vyl +mb(S+ R+ pl)—dR+mS,
(1

Sy (S, > 0) &N HERA I A ZOfF HAR %
NI SR m R R B 5 I
%E%ﬁ%pé%%%ﬁ%E%@%mﬁiﬁqa

1+

Tl L Jeom bR RIS M LB A

1+af
Yl by d ol BN AR T HRET %, FHH
Bl <d, Bzay WERE q(p+qg=1)
FEBEAR RGN (PR A ) LG AL R A e D
BET 3,
HTN=S+I+R WR AR
N'(t)=S, +(b—d)N —el 2)
it (D, R4E (1) SN T RS
B(N-T-R)I
1+al
R'(t) =yl + mb(N — qI)— dR +mS, )
N'(t)=S, +(b—d)N —el

I'(t)= +[gb—-(d+y+e)ll

W ={(I,R,N)[I 20,R>0,R+I <N < dSOb},

B, ARG 3) NARRE, LIERARLMES
B, SRYMEERE W N, W B RS (1D IE
AL, LLNEERS (3).
M AR v, USRI RS (3) 1
e Y NTEERAEL gy
BS, (d = mb)
" T dd—b)d+y +e—qb)

2 FESREE

EHE 1 RS Q) MWL AAE W T A

mSo So y YR, > 1, REG)H
d—b"d-b

IS AFAEME — TP A P (7 R, NT) X
o _So+(b-d)N’

Py (0,

I
e
pw+w_wmw_@wﬁm+11@%&
R* — e e
d
N &HH
o Syt (b=dN
ANFBM’——TT——
[mb — —(y —mbg )b~ d)]N +(m+ r=moq mbq )S,
e e )_|_
d
lgh—(d+y +e))(1+a 2 FE=DN,
e
FEDCHL 0.yt

HEB: A p (0,00 S0 B RLGLH
d-b d-b
A MO T R, (4
_ Sy+(b—d)N
S Coa
(y_me)(b_d)]N—i-(m—i-y_mbq)SO
4 4

1

[mb +
R=

d
€y
DN RGEQ)HIH — NS
MN_&+%:®N_

[mmb — (y=mbq)(b-d) d)]N +(m+ y=mbg )S
e e

0

d )=

[(d+7+e)—gb)(1+a 2t E=DN
e
2 X
g(N)=B(N -

[mb— (y_me)(b_d)]N+(m+ y_me)So
e e

)=0

Sy+(b=d)N
e

d )+

S, +(b—d)N
e

[gh—(d+y+e)](l+a )



I MR ZAR (A AFHEERR) 15

JJ
m_b (d+r—mbg)(b- d)
ed

g(N)=p(-

[gb—(d+y+e)]l———
BAb<d0<m<10<qg<1, W

mb/d <1,d—mbg>0,b—d<0,gb—d <0,
FTLL g (N) >0, # g(N)EIRFN AR EL

BT

g(0)=-

a(b—d)
4

ﬁ(d+em+y—mbq)+
ed

[gh— (d+y+e)](1+ °)<0

o S, )= BS,(d—mb)
d-b d(d->b)
v
d+y+e—qgb

F)?UxélR > 11, g(

—(d+y+e—qgb)=

(R =1)>

)>0 THRHAR >1,

JitE g(N)=07EIXIH] 0,8, /(d -b)) LRAE AIE
RN .

EHE 2 M R <1 W,

mS

W CF o

)mﬁwz$ﬁﬁ%% ()5 24 R, > 118},
ﬂﬁﬁf“ %ﬁwﬁp (I",R",N") & Ja i A8 2 1, 6
T R AT E

3 FéimmERIEEM

EHE 3 M R <1 I, KW P T AT

2,0, ;’”S L Do) e MTTRER -

EH HT NO=S,+(b-dN ,

hrn N(1) = d— o REBEQ)IMILITTEN
S,
]v(t)_lﬁ—ll(d PR
(d+r+e—gb) =F(I,R) (5)

dR+mS, = 0,(I,R)

B, XEQ=(U,R\I>0,R>0,/+R< Sob}
ERFE ST AL,
f4jid Dulac %L B(1, R)——, )
a(BPl)=_ (Xﬁ 2( SO —R—[)—
ol R(+al) d—-b
B <0
R(1+al)
a(BQL)__ﬂ_m_b So o mS,
r o w e ay W <
g 0B 9B | mrgg (5 QW
ol oR
%*&EE%O j"j’ %RO<1EM" %ﬁilzﬁﬁ)ﬁ
PO Sy womwm R e b, W
d—b"d—b
Bendixson-Dulac #I5IVEH, R, < 1IN, Joie T
mS

%ﬂ 4 é R0>1 I, M5 W R
P (1", R",N") S JRliii ke 11
UEB]  #4Ji& Dulac @i&B(l,R,N):L, 2
IRN

B(N-1-R)
1+al
(d+r+e)l=F(,R,N)
R(@)=rl +mb(N—ql)—dR+mS, = Q,(/,R,N)
N'(@)=S,+(b—-d)N—-el =S5,({,R,N)

1'(t) = [+¢bl -

oy
0(BP2) _Bl+a)+a(N-1-R) <0,
ol RN(1+al)’
a(BQz) _ rl+mbN +mbgl +mS,
oR RNI®
o(BS,) :_SO —e2[ <0,
ON RNI
pr QB 0BO,)  OBSy) oy, 4 w
ol OR ON

WAMEAERRER R o RN RZE(M)— DNEMR
Fo MRy > 1IN, WITH PR P (17, R, N 2

T T 0,750 So e
d-b d-b

AT L E 1,



16 I MR ZAR (A AFHEERR)

ANFAE M, B Bendixson-Dulac | il ¥% 41,
PY(I",R",N") S22 Japi i A8 2 11

4 FANEYPEX

A3 T G e R IR FL e ST R 1
R, I R < LI SRR 2R, > 1M,
MTHEHARAT o R 5 m WA R, B TR
FTLLIN KM BT JLRGHFI e, SRRt bR,
R LR (O, A ) h B s 1 L
REEHR, IR A AL ST F . RN i R, 74

:1_(d—b)(d+y+e—qb) , e
‘ BSq
SCABIRMR BRI BLAR IR AP S5 AT, BRI,
m>m, W, Ry <1, BRRHARER. BAh, m £R
TS R Ky R RIEIRR S, DN sE I )
WSS, SRR, nTLAUEN m, . SR T EIR
GEP S

Epaiy

[11 D4R A U, F RN AL YRS ) 2 B s s 5t
FE M ALET RE 2 H AL, 2004,

(2]

Zhou J, Hethcote H W. Population size dependent
incidence in models for diseases without immunity[J].
Journal of mathematical biology, 1994, 32(8): 809-834.
B, R B RSB A I AT R AR T ).
M FEERIS AR 544R,2001,9(2-3):120-124.

SRAE S5, TR, B SO 485 o 05 R g PR (M. b
A BEEH R 1985,

Fine P E M. Vectors and vertical transmission: an
epidemiologic perspective[J]. Annals of the New York
Academy of Sciences, 1975, 266(1): 173-194.

Busenberg S N. Cooke K L.The population dynamics of
two vertically transmitted infections[J]. Theor Popul Biol,
1988,33(2):181-198.

El-Doma M. Analysis of a general age-dependent
vaccination transmitted disease [J].Nonlineartimes and
digest, 1995 (2) :147-170.

Li X Z, Zhou L L. Global stability of an SEIR epidemic
model with vertical transmission and saturating contact
rate[J]. Chaos, Solitons & Fractals, 2009, 40(2): 874-884.
Korobeinikov A. Lyapunov functions
properties for SEIR and SEIS epidemic models[J].
Mathematical Medicine and Biology,2004,21(2):75-83.

and global

Capasso V, Serio G A generalization of the
Kermack-McKendrick deterministic epidemic model[J].
Mathematical Biosciences, 1978, 42(1): 43-61.





